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ABSTRACT

In this paper we present an approach for symbolic
analysis of strongly nonlinear analog circuits including
MOS devices. It is based on a method, that applies sym-
bolic simplification to generate nonlinear behavioral
models for bipolar circuits. Our approach allows extended
simplifications, well suited for the nested structure of the
large addendsin MOS circuit equations.

INTRODUCTION

Although the interest in symbolic analysis of analog
circuits has grown, it is still mostly restricted to linear [1],
[2], [3] and weakly nonlinear [4] applications. Symbolic
analysis of circuits with strong nonlinearities has been
restricted first to circuits with bipolar devices[5], [6], [7].

In this paper we present an approach for symbolic sim-
plification of strongly nonlinear analog circuits including
MOS devices. The approach is based on a method, men-
tioned above [5], that applies symbolic simplification to
generate nonlinear behavioral models for bipolar circuits.

Our approach concerns a new kind of symbolic simpli-
fication. It has been developed with regard to MOS device
model equations, like BSIM3v3. These equations typically
consist of large addends, which can not be simplified as a
whole. Therefore, the nested parts of those large terms
have to be simplified separately. Our contribution will
show how this can be done and which simplification
results have been achieved.

METHOD

We apply symbolic analysis to nonlinear analog circuits
using an automatic simplification procedure. The concept
of our approach, isshowninfigure 1.
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Figure 1: Concept of symbolic simplification

Its core is a simplification engine, which works fully
automatic on a SPICE netlist and some user defined
parameters. From the SPICE-netlist a set of symbolic
differential algebraic equations (set of DAES) is set up.
Therefore, a library of appropriate symbolic model equa-
tions for al circuit elements has been developed. The
created set of DAEs is reduced step by step using various
types of symbolic simplification. After each step the
desired accuracy of the circuit description is checked with
respect to the input/output behavior under the user defined
operating conditions of the circuit. The operating
conditions are defined by a testbench in which a circuit is
connected for simulation, and by the performed simu-
lations with their ranges. The result is a symbolic
description consisting of a new set of equations with a
drastically reduced number of equations and terms.

SIMPLIFICATION OF NESTED EXPRESSIONS

The extensions of this methods within our approach
concern the reduction of the set of DAES not only with
respect to the number of equations and terms, but also to
the size of terms. Concerning bipolar devices, this has not
been necessary, because the largest addends within the
model equations have been small enough, so that they
could be removed as a whole. For example, consider a
large term of the Gummel-Poon model
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in which the x;(t) represent circuit variables and the g
represent numeric or symbolic constants. For simplifi-
cation purposes such a term may be removed as a whole
within a circuit equation.

Concerning MOS device models, the situation is differ-
ent. Here, the model equations consist of larger addends,
than in the bipolar case and less addends per equation. For
example, BSIM3V 3 model equations contain terms like:

1 3, (@1 +ax,(0+ay)
® [~ e O
1[as»aaxg('[)+a64lxl(t)2 ga7+as\/‘/a’_aexl(t)w:
g aiu'aAX1(t)+a4\lX1(t)z + (2)
-t a ( 1-a X (t) g_alz)2+a13+"'

It can be assumed, that an equation with such an additive
term, in genera cannot be simplified by removing this
term as a whole, because the error would be too large.
Especially if this term would represent one side of an
equation, it will be impossible to remove it. A promising
simplification operation of such equations is to remove
nested expressions of those terms.

Therefore, an algorithm has been developed, that en-
ables a reduction of large addends by simplification of its



nested expressions. It builds up a directed, ordered tree of
al nested expressions of any term, that shall be simplified.
The tree is used to perform the simplification, which
depends on the connecting mathematical operation. For
example, consider the nominator of the fraction in (2):
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It has a nested structure of terms, which can be described
by a tree, which is build recursively. In this tree,
mathematical operations, like sums or squares and each
term with more than one operand represent a node.
Numbers, parameters or variables represent the leaves of
thetree. Thetermin (3) leadsto atree, shown in figure 2:
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Figure 2: Directed tree of the expression in (3)

With respect to the connecting operations of a term,
simplifications are possible. For example, sums can be
simplified by removing addends and products become
more simple by setting its factors to constant values or
even to one. Concerning the method it is not important,
whether the constants are numeric or symbolic. The value
of those constants can be taken from the user defined
operating conditions and simulations respectively.

Concerning powers, roots, logarithms or exponentials,
the situation is more difficult. Certainly they could be
linearized, but this is no smart simplification, which omits
knowledge, that is contained within a circuit or device
description. For example the sixth element of the tree
above, which is a squareroot of a square. This expression
is derived from a device model equation, which represents
the absolute value of the basis of the squareroot. The
expression can be substituted by its basis, here x,(t), if the
basis - under model operating conditions - is aways
positive.

To redlize such case sensitive simplifications, the tree
has to be build in advance, before the first simplification is
performed. The agorithm is shown in figure 3:

build_tree (TERM)
Analyze operation of TERM
Concatenate OPERATION and its argumentsto tree
For each argument in TERM do
build_tree (argument of TERM)
next argument of tree

Figure 3: Recursive algorithm to build the tree of aterm
Once the tree has been built, it can be used to decide,

which kind of simplification has to be done. Therefore
patterns of terms to be simplified specialy, have to be

defined with respect to the device model equations. For
example as pattern of the root of a square we get:
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On the whole, the process of simplifying nested expres-
sions is divided up into three parts: First, a pure symbolic
preprocess to build the tree, to analyze the nested terms
and to prepare the simplification. Second the actual error
controlled simplification process, and third a symbolic
postprocess. Apart from the construction of the tree and
the analysis of the possible case sensitive simplifications,
the symbolic preprocess consists of another part [8], [9]: It
is the insertion of additional factors into the set of DAEs,
in order to allow virtual symbolic simplifications in a
numerical ssimulator. For example see the sum contained in
(3) after the insertion of some factors:
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By setting factor; to zero, the underlying symbolic
simplification of the removal of the i-th term can be per-
formed virtually. Following this principle several symbolic
simplifications of various types can be prepared. After
such a preparation several simplifications can be checked
within one simulator call by a controlled switching of the
inserted factors between 0 or 1. In the symbolic
postprocess the information, whether a factor can be set to
0 or not leads to the allowed simplifications.

RESULTS

To show the difference between the capabilities of the
simplification with and without simplification of nested
expressions, our method has been applied to two circuits:
A simple operational amplifier in biploar technology
shown in Figure 4:

Figure 4: Simple operational amplifier

and an active-loaded common-emitter gainstage [10] in
and a BICMOS technology shown in Figure 5:

Figure 5: Active-loaded common-emitter gainstage



A. Resultsin Bipolar Technology

The simple OP is analyzed in a testbench, which con-
nects two voltage sources as power supply and one as
input source, which is connected to the negative input.
The positive input is put to ground, whereas the output is
connected with a load resistor and a load capacitor in
paralel. As simulations, a DC-Transfer and three AC
simulations at different operating points are performed.

The acceptable error has been set to 2% for the DC-
Transfer and 1% for the amplitude and 10% for the phase
of the AC simulations. Figures 6 and 7 show the output
signals vo(t) for the original (orig) and the reduced (red,
nested and red, simple) set of DAESin both ssimulations:
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Figure 6: Signal Vou(Vin) of DC-transfer simulations

Comparison of AC-Simulations
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Figure 7: Amplitude and phase of V. in one operating point

The figures show, that the simplified descriptions of the
circuit characterize the input/output behavior within the
predefined accuracy. Remarkable is, that the simulations of
both simplified descriptions are nearly the same, although
the simplification algorithms differ. This concludes, that
the simplification ratio of the two agorithms is similar,
which has to be verified. In Table 1 the sizes of the sets of
DAEs are shown, using three different types of
measurement.

The first one counts the number of variables, the second
one the number of toplevel addends and the third one the

number of characters of the set of DAEs. All types of
measurements allow conclusions about the size of a set of
DAEs. Although, none of them is able to measure an
objective complexity. Apart from that the number of
ASCII characters in a set of DAEs is the one, that con-
siders simplifications of nested expressions. Therefore, we
take this type of measurement to compare the results of the
different simplification algorithms. Additionally, we keep
the others, not to measure the simplification ratio, but to
have a rough guess of the size of a set of DAES.

Number of “...” | Original Simple Nested
in the set of DAEs Simplification |Simplification
Variables 22 13 13
Toplevel Addends| 133 30 30
ASCII characters | 7109 1117 977

TABLE 1: Simplification Results on the bipolar OP
with and without Simplification of Nested Expressions

Table 1 shows that the reduction ratio of the simplifi-
cation engine increases from factor 6,4 to factor 7,3, by
using the simplification algorithm of nested expressions.
This small improvement has had to be expected, because
of the structure of terms in bipolar model equations men-
tioned above. As expected, the number of variables and
toplevel addends do not differ

B. Resultsin BiCMOS Technology

The operating conditions of the common-emitter-gain-
stage have been fixed by two simulations, a DC-Transfer-
and a transient simulation. To perform these smulations
the gainstage has been connected to a testbench, con-
taining voltage sources for power supply and for input
purposes and two resistors dealing as input series resistor
and as load resistor, respectively.

The acceptable error has been set to 10% for the DC-
Transfer and 20% for the transient simulation.

Figures 8 and 9 show the output signals vyu(vi,) and
Vou(t) for the original (orig) and the two reduced (red,
nested and red, simple) set of DAEs in both simulations:
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Figure 8: Signal v, of DC-Transfer simulation

Concerning the DT-simulation results, the input/output
behavior of the simplified descriptions are nearly equal —
as in the bipolar case - and give a good approximation of



the originals circuit's behavior. The similarity is sur-
prising, because of the achieved different simplification
ratios of the two algorithms, which are shown in Table 2
below.

On the contrary, the transient simulations show three
different input/output behaviors, according to three
different circuit descriptions.

Comparison of Transient Simulations
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Figure 9: Signal v,,(t) of transient simulation

Due to the error controlled algorithm, both simplified
descriptions lead to signals within the desired accuracy. In
Table 2 the simplification results are shown:

Number of “...” Original Simple Nested
in the set of DAEs Simplification |Simplification
Variables 78 29 18
Toplevel Addends| 293 68 45
ASCII characters | 25372 8757 3391

TABLE 2: Simplification Results on the BICMOS Gainstage
with and without Simplification of Nested Expressions

Remarkable is, that despite our expectation, a reduction
ratio can be measured with all proposed types of
measurement. It varies between 2,7 and 4,3 in the simple
and 4,3 and 7,5 in the nested case. The unexpected re-
duction ratio in the number of variables and toplevel
addends results of substitutions, which have been possible
by the simplification of large nested terms. Because of its
dependency of particular circuits, both ratios are not well
suited for measurement of the reduction ratio in general.
Therefore we concentrate on the number of ASCII
characters.

The reduction ratio of the simplification engine increases
from factor 2,9 to factor 7,5 by using the simplification
algorithm of nested expressions. This is a quite good
result, if it is taken into account, that one out of three
transistors is a bipolar one, which can be treated by the
simple algorithm.

CONCLUSION

A method for symbolic analysis of strongly nonlinear
analog circuits including MOS devices has been presented.
It is based on symbolic simplification of nested
expressions in a set of nonlinear differential algebraic

equations (DAESs). The feasibility of the method has been
shown using circuit examples, pointing out the difference
between bipolar and MOS devices.
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